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Abstract. Pulse walk-off in the process of sum frequency generation in a nonlinear
χ(2) crystal is shown to be responsible for pulse jittering which is reminiscent to the
Zitterbewegung (trembling motion) of a relativistic freely moving Dirac particle. An
analytical expression for the pulse center of mass trajectory is derived in the no-
pump-depletion limit, and numerical examples of Zitterbewegung are presented for sum
frequency generation in periodically-poled lithium niobate. The proposed quantum-
optical analogy indicates that frequency conversion in nonlinear optics could provide
an experimentally accessible simulator of the Dirac equation.
PACS numbers: 42.50.Xa, 11.30.Er
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1. Introduction
Originally predicted by Schro¨dinger in the study of the Dirac equation [1],
Zitterbewegung (ZB) refers to the trembling motion of a freely-moving relativistic
quantum particle that arises from the interference between the positive- and negative-
energy parts of the spinor wave function [2]. For a free electron, the Dirac equation
predicts the ZB to have an extremely small amplitude (of the order of the Compton
wavelength ≃ 10−12 m) and an extremely high frequency (≃ 1021 Hz), making such
an effect experimentally inaccessible. In addition, the physical relevance of ZB in
relativistic quantum mechanics is a controversial issue because such an effect arises in
the framework of the single-particle picture of the Dirac equation, but not in quantum
field theory [3, 4]. The notion of ZB and resulting formalism, however, are not peculiar
to relativistic quantum dynamics, and phenomena analogous to ZB, which underly the
same mathematical model of the Dirac equation, have so far predicted in a wide variety
of quantum and even classical physical systems, including among others semiconductors
and quantum wells [5, 6, 7], trapped ions [8], graphene [9, 10, 11, 12], cold atoms [13, 14],
acoustic [15] and photonic [16, 17, 18] systems. Simulations of relativistic quantum
effects using experimentally-accessible physical set-ups, in which parameter tunability
allows access to different physical regimes, have seen in recent years an increasing
interest, culminating to the very recent first experimental observation of a quantum
analogue of ZB using a single trapped ion set to behave as a free relativistic quantum
particle [19]. In the optical context, the use of photonic systems to mimic quantum
phenomena in the lab has seen a continuous and increasing interest (see, for instance, [20]
and references therein); in particular, optical analogues of the relativistic ZB have been
recently proposed to occur in photonic crystals [16], metamaterial slabs [17], and binary
waveguide arrays [18]. In this work it is shown theoretically that a classical analogue
of ZB can be observed in a much simpler and well-known set-up of nonlinear optics,
namely in the process of sum frequency generation of light waves in a nonlinear χ(2)
medium [21] in presence of pulse (or spatial) walk off. In the nonlinear optics context,
optical three-wave interaction (TWI) in nonlinear χ(2) media in presence of temporal (or
spatial) walk-off is a well-known process, which has been widely investigated especially
in connection to pulse compression of ultrashort pulses and to TWI soliton theory (see,
for instance, [22, 23, 24, 25, 26, 27]). Notably, the nonlinear TWI equations are solvable
by inverse scattering methods [22]. However, the ZB phenomenon discussed in this work
and the idea of exploiting nonlinear optics to mimic the Dirac equation have not been
addressed in such previous studies.
2. Basic model and quantum-optical analogy
The starting point of our analysis is provided by a standard model of TWI in a nonlinear
quadratic medium describing propagation of either optical pulses or optical beams at
frequencies ω1, ω2 and ω3 = ω1 + ω2 in presence of either group velocity mismatch or
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spatial walk-off. For the sake of definiteness, we will consider here the case of optical
pulse interaction in presence of temporal walk-off (i.e. of group velocity mismatch),
however the results hold also for spatial beam propagation in a quadratic medium
with spatial walk-off provided that the temporal coordinate is replaced by a transverse
spatial coordinate (see, for instance, [27]). Assuming that group velocity dispersion is
negligible, in the plane-wave approximation and assuming perfect phase matching, pulse
propagation in the χ(2) medium is described by the following set of nonlinear coupled
equations [21, 22, 23, 24, 25, 28]:(
∂
∂z
+
1
vg1
∂
∂t
)
A1 = iρA
∗
2A3 (1)(
∂
∂z
+
1
vg2
∂
∂t
)
A2 = iρA
∗
1A3 (2)(
∂
∂z
+
1
vg3
∂
∂t
)
A3 = iρ
∗A1A2 (3)
where Al = Al(z, t) (l = 1, 2, 3) is the amplitude of the electric field envelope at the
carrier frequencies ωl, normalized such that |Al|2 is the photon flux at frequency ωl,
vgl is the group velocity in the medium at frequency ωl, and ρ is the strength of the
nonlinear interaction, which reads explicitly
ρ =
deff
c0
√
2~ω1ω2ω3
ǫ0c0n1n2n3
, (4)
where nl is the refractive index of the medium at frequency ωl (l = 1, 2, 3), c0 is the
speed of light in vacuum, and deff = (1/2)χ
(2)
eff is the effective nonlinear coefficient. To
achieve perfect phase matching, a quasi-phase-matching (QPM) grating for the nonlinear
susceptibility χ(2) can be employed; in this case one has (see, for instance, [28])
deff =
1
2
χ(2)(z) exp(i∆kz) (5)
where ∆k = (ω3n3 − ω2n2− ω1n1)/c0 is the phase mismatch of the three waves and the
overbar denotes a spatial average over a few modulation periods of the QPM grating.
Equations (1-3) admit of the following two invariants along the propagation distance z
I1,2 =
∫
∞
−∞
dt(|A1,2|2 + |A3|3) (6)
which correspond to photon flux conservation (Manley-Rowe invariants) in the frequency
conversion process. Solitary waves of Eqs.(1-3) in the fully nonlinear regime, including
trapped bright-dark-bright solitary waves with locked velocity, have been investigated
in Refs.[22, 23, 24, 25, 26, 27]. To study the analogue of ZB in the frequency conversion
process, we assume here that at the input plane z = 0 the nonlinear crystal is excited
by a strong and nearly continuous-wave pump field at frequency ω1, and by a weak and
short signal pulse at frequency ω2 and temporal profile g(t). Under such assumptions,
the invariance of I1,2 implies that the pump wave remains nearly undepleted along the
propagation distance, and Eqs.(1-3) reduce to the following two linear coupled-field
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equations describing sum-frequency generation in the undepleted regime(
∂
∂z
+
1
vg2
∂
∂t
)
A2 = − iκA3 (7)(
∂
∂z
+
1
vg3
∂
∂t
)
A3 = − iκA2 (8)
where we have set κ ≡ −ρA∗1 = ρ
√
I1/~ω1 and I1 is the intensity of the pump field.
Without loss of generality, κ can be assumed to be real-valued and positive. Note that,
in the absence of group velocity mismatch for the signal and second-harmonic waves at
frequencies ω2 and ω3, i.e. for vg2 = vg3, the solution to Eqs.(7) and (8) is analogous to
the one for stationary fields [21], which shows a well-known oscillatory power transfer,
along the propagation distance z, between the two fields with spatial period π/κ; namely
one has
A2(z, t) = g
(
t− z
vg
)
cos(κz) (9)
A3(z, t) = − ig
(
t− z
vg
)
sin(κz) (10)
where vg = vg2 = vg3. Note that, in spite of the oscillatory power transfer in the
frequency conversion process, the two pulses propagates with the common group velocity
vg and do not show any trembling (jitter) motion. If the group velocity mismatch is not
negligible (vg2 6= vg3), the solution to Eqs.(7) and (8) is more involved, and is given by
Eqs.(25) and (26) discussed in the next section. Here we anticipate that, in this regime,
the oscillatory power transfer between the two fields is generally accompanied by an
oscillatory motion of the pulse center of mass, which is reminiscent of ZB for the free
relativistic Dirac electron. To highlight such an analogy in a formal way, it is worth
introducing the coordinates of a moving frame
ξ = z , η = t− z/vg (11)
where the velocity vg is defined by the relation
1
vg
=
1
2
(
1
vg2
+
1
vg3
)
. (12)
In the moving frame, Eqs.(7) and (8) take the form(
∂
∂ξ
+ δ
∂
∂η
)
A2 = − iκA3 (13)(
∂
∂ξ
− δ ∂
∂η
)
A3 = − iκA2 (14)
where we have set
δ =
1
2
(
1
vg2
− 1
vg3
)
. (15)
Equations (13) and (14) are supplemented with the boundary conditions
A2(0, η) = g(η) , A3(0, η) = 0. (16)
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Figure 1. (color online) Sum frequency generation in a L = 1.5-cm-long PPLN crystal
showing ZB of the signal pulse. (a) and (b): snapshots of the intensity distributions of
signal [Fig.1(a)] and sum-frequency [Fig.1(b)] pulses versus propagation distance z. (c)
Numerically-computed behavior of pulse center of mass 〈η〉2 for the signal field versus
propagation distance (solid curve), and corresponding behavior predicted by Eq.(28)
(dotted curve, almost overlapped with the solid one). The inset depicts the behavior of
the normalized photon fluence φ2(z)/φ2(0) of signal field versus propagation distance,
showing the oscillatory exchange of power between the signal and sum-frequency waves.
(d) Numerically-computed behavior of 〈η〉, defined by Eq.(19), versus propagation
distance (solid curve), and corresponding behavior predicted by Eq.(29) (dotted curve,
almost overlapped with the solid one). The input pulse duration is τp = 5 ps. Other
parameter values are given in the text.
After introduction of the spinor wave field ψ = (A2, A3)
T , Eqs.(13) and (14) can be
finally cast into the Dirac form
i
∂ψ
∂ξ
= −iσzδ∂ψ
∂η
+ κσxψ (17)
where σx and σz are the Pauli matrices. Note that, after the formal change
δ → c
κ→ mc
2
~
(18)
ξ → t , η → x
Eq.(17) corresponds to the one-dimensional Dirac equation for a relativistic particle
of mass m in absence of external fields, moving alon the x axis, written in the Weyl
representation [2]. Therefore, the temporal evolution of the spinor wave function ψ
for the Dirac particle is mapped into the spatial evolution of the envelopes A2 and A3
for signal and sum-frequency pulses, respectively, whereas the spatial coordinate of the
Dirac particle is mapped into the retarded time η of the optical pulses.
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Figure 2. (color online) Same as Fig.1, but for an input pulse duration τp = 1.5 ps.
-6
-4
-2
0
2
4
6
0 5 10 15
-6
-4
-2
0
2
4
6
0 5 10 15
signal pulse sum-frequency pulse
propagation distance z (mm)
re
ta
rd
e
d
ti
m
e
(p
s
)
h
0 5 10 15
0
0.2
0.4
0.6
0.8
1
1.2
1.4
1.6
1.8
z (mm)
0 5 10 15
0.2
0.4
0.6
0.8
1
z (mm)
n
o
rm
a
liz
e
d
p
u
ls
e
e
n
e
rg
y
p
u
ls
e
c
e
n
te
r
o
f
m
a
s
s
<
>
(p
s
)
h
2
0 5 10 15
0
0.2
0.4
0.6
0.8
1
1.2
1.4
1.6
1.8
2
z (mm)
<
>
(p
s
)
h
(c) (d)(b)(a)
Figure 3. (color online) Same as Fig.1, but for an input pulse duration τp = 0.5 ps.
3. Zitterbewegung of optical pulses
For the Dirac equation (17), ZB refers to the rapid oscillatory motion of the expectation
value of the particle position
〈η〉(ξ) ≡
∫
∞
−∞
dη η (|A2|2 + |A3|2)∫
∞
−∞
dη (|A2|2 + |A3|2)
(19)
around its mean trajectory, which arises whenever negative- and positive-energy
eigenstates of the Dirac equation are simultaneously excitated by the initial condition.
Note that, indicating by 〈η〉2(ξ) and 〈η〉3(ξ) the (temporal) center of mass of the signal
and sum-frequency pulses at the crystal plane ξ = z, i.e.
〈η〉2,3(ξ) ≡
∫
∞
−∞
dη η|A2,3(ξ, η)|2∫
∞
−∞
dη|A2,3(ξ, η)|2
(20)
one can write
〈η〉(ξ) = φ2(ξ)〈η〉2(ξ) + φ3(ξ)〈η〉3(ξ)I2 (21)
where φ2,3(ξ) =
∫
dη|A2,3(ξ, η)|2 are the photon fluences of the signal and sum-frequency
pulses at the plane z = ξ, respectively, and I2 = φ2(ξ) + φ3(ξ) = φ2(0) is the Manley-
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Rowe invariant. In particular, if the initial pulse envelope g(t) is symmetric, i.e.
g(−t) = g(t), as it will be shown below one has 〈η〉3(ξ) = 0, and thus according
to Eq.(21) the ZB of the Dirac particle for Eq.(17) can be simply retrieved from the
temporal jitter 〈η〉2(ξ) and fractional energy φ2(ξ)/φ2(0) of the signal pulse.
The solution to Eqs.(13) and (14) with δ 6= 0 and with the boundary conditions (16)
can be readily obtained in the spectral (Fourier) domain. Indicating by Aˆ2,3(ξ, ω) =
(1/2π)
∫
dηA2,3(ξ, η) exp(−iηω) the spectra of the signal and sum-frequency fields at
the propagation plane ξ, one has
Aˆ2(ξ, ω) = gˆ(ω)
[
cos(βξ)− iωδ
β
sin(βξ)
]
(22)
Aˆ3(ξ, ω) = − iκ
β
gˆ(ω) sin(βξ) (23)
where gˆ(ω) = (1/2π)
∫
dηg(η) exp(−iηω) is the spectrum of the signal pulse incident
onto the crystal at ξ = 0, and
β(ω) =
√
κ2 + ω2δ2. (24)
In the temporal domain, the inverse Fourier transform of Eqs.(22) and (23) yields the
following exact solution for the sum-frequency and signal pulses traveling along the
crystal
A3(ξ, η) = − iκ
2δ
∫ δξ
−δξ
dθg(θ + η)J0
(
κ
√
ξ2 − θ
2
δ2
)
(25)
A2(ξ, η) =
g(η + δξ) + g(η − δξ)
2
+
1
2δ
∫ δξ
−δξ
dθg(θ + η)
∂
∂ξ
J0
(
κ
√
ξ2 − θ
2
δ2
)
− 1
2
∫ δξ
−δξ
dθ
∂g
∂η
(θ + η)J0
(
κ
√
ξ2 − θ
2
δ2
)
(26)
where J0 is the zero-order Bessel function of first kind. To calculate 〈η〉, 〈η〉2 and 〈η〉3,
let us assume, for the sake of simplicity, that the signal pulse envelope g(t) at the input
crystal plane has a symmetric profile (with e.g. a Gaussian or a sech shape) satisfying the
condition g(−η) = g(η). In this case, from Eq.(25) it follows that A3(ξ,−η) = A3(ξ, η),
and thus
〈η〉3(ξ) = 0 , 〈η〉(ξ) = φ2(ξ)
φ2(0)
〈η〉2(ξ). (27)
The explicit expression of 〈η〉2(ξ), as obtained by substitution of Eq.(26) into Eq.(20),
turns out to be rather cumbersome and not of easy physical interpretation. However,
for a signal spectrum gˆ(ω) narrow at around ω = 0 with a spectral width ∆ω much
smaller than κ/δ, i.e. for a relatively long input pulse, simple approximate expressions
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for 〈η〉2(ξ) and 〈η〉(ξ) can be obtained, which read explicitly
〈η〉2(ξ) ≃ ξ δ
3
κ2
∆ω2
cos2(κξ) + δ
2∆ω2
κ2
+
δ
2κ
sin(2κξ)
cos2(κξ) + δ
2∆ω2
κ2
(28)
〈η〉(ξ) ≃ ξ δ
3∆ω2
κ2
+
δ
2κ
sin(2κξ) (29)
where ∆ω is the spectral width of the input signal pulse, defined by
∆ω2 =
∫
dωω2|gˆ(ω)|2∫
dω|gˆ(ω)|2 . (30)
Equation (29) corresponds to the well-known approximate expression of ZB in relativis-
tic quantum mechanics (see, for instance, [2, 19]), whereas Eq.(28) shows the signature
of ZB in the oscillatory motion of the signal pulse center of mass as it propagates along
the crystal. Note that such an oscillatory motion, that arises from the second term on
the right hand side of Eq.(29), is superimposed to a slight drift term [the first term
on the right hand side of Eq.(29)]. The oscillatory motion of 〈η〉 and 〈η〉2 along the
propagation coordinate ξ of the crystal basically follows the oscillatory-like of optical
transfer between signal and sum-frequency pulses. Note also that, according to Eq.(28)
and because of the assumption δ∆ω/κ≪ 1, the pulse center of mass 〈η〉2(ξ takes large
values at the propagation distances ξ = π/2κ, ξ = π/κ, ξ = 3π/2κ, ... where most of
the signal field is converted into the sum-frequency field.
As an example, let us consider the process of sum frequency generation in a nonlinear
periodically-poled lithium-niobate (PPLNB) crystal (see, for instance, [29]) assuming
λ1 = 1550 nm, λ2 = 810 nm, and λ3 = 532 nm for the wavelengths (in vacuum) of
pump, signal and sum-frequency waves, respectively. From Sellmeir equations [30], one
can estimate at 25oC and for extraordinary waves n1 = 2.1381, n2 = 2.1748, n3 = 2.2343,
vg2/c0 = 0.4422, vg3/c0 = 0.4069 and a QPM period of Λ = 2π/∆k ≃ 7.39 µm, which
is easily accessible with current poling technology. For first-order QPM with alternat-
ing sign +/- of χ(2) with period Λ/2, the effective nonlinear coefficient is given by [29]
deff = (2/π)d, where d is the element of the nonlinear d-tensor of the crystal involved
in the parametric interaction (d = d33 ≃ 27 pm/V for extraordinary waves). As an
input signal pulse, we assume a Gaussian profile g(t) ∝ exp(−t2/τ 20 ) with a full-width
at half maximum (FWHM) pulse duration τp = (
√
2log2)τ0 and spectral pulse width
∆ω = 1/τ0. As an example, Figs.1(a) and 1(b) show the evolution of the pulse intensity
profiles |A2(ξ, η)|2 and |A3(ξ, η)|2 of signal and sum-frequency fields, respectively, in a
L =1.5-cm-long PPLN crystal as obtained by direct numerical analysis of Eqs.(1-3),
for a signal pulse duration τp = 5 ps of low peak intensity (1 W/cm
2) and an inten-
sity of the continuous-wave pump field I1 = ~ω1|A1|2 of 1 MW/cm2, corresponding
to κ ≃ 0.4656 mm−1 and δ∆ω/κ ≃ 0.0827. The numerical results of Fig.1 are with
excellent accuracy reproduced by the analytical solutions (25) and (26), derived in the
no-pump depletion limit. Figures 1(c) and 1(d) show the corresponding behavior, along
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Figure 4. (color online) Numerically-computed behavior of the center of mass 〈η〉2
for the signal pulse at the output of the PPLN crystal versus the intensity I1 of the
pump field. The crystal length is L = 1 cm, the input pulse duration of the signal
field is τp = 5 ps. The dotted curve in the figure is the behavior of 〈η〉2 predicted by
Eq.(28).
the crystal coordinate ξ = z, of the normalized photon fluence φ2(ξ)/φ2(0) [inset of
Fig.1(c)], pulse center of mass 〈η〉2(ξ) of signal field [solid curve in Fig.1(c)], and ZB
amplitude 〈η〉(ξ) = [φ2(ξ)/φ2(0)]〈η〉2(ξ) [solid curve in Fig.1(d)]. In Figs.1(c) and (d),
the behaviors of 〈η〉2(ξ) and 〈η〉(ξ), as predicted by Eqs.(28) and (29), are also shown
(dotted curves, almost overlapped with the solid ones). Note that, according to the
theoretical analysis, the center of mass of the signal pulse undergoes a clear oscillatory
motion, superimposed to a slight drift [arising from the first term on the right hand side
of Eq.(28)]. For spectrally broader signal pulses, ZB can not be accurately described
by the simple Eqs.(28) and (29), however the oscillatory motion of the pulse center of
mass, superimposed to a drift motion, is still observed in numerical simulations. This is
shown, as an example, in Figs.2 and 3, where pulse duration of the injected signal pulse
has been reduced to τp = 1.5 ps in Fig.2 (corresponding to δ∆ω/κ ≃ 0.2758), and to
τp = 0.5 ps in Fig.3 (corresponding to δ∆ω/κ ≃ 0.827). In an experiment, a measure-
ment of the pulse center of mass at internal planes of the nonlinear crystal could be a
nontrivial task, whereas autocorrelation measurements can readily reveal a jitter of the
output pulse, at the exit of the crystal, with respect to a reference case. Owing to the
dependence of the sinusoidal terms entering in Eq.(28) on the product κξ ∝ √I1ξ, in an
experiment the signature of ZB can be easier revealed by monitoring the center of mass
of the signal pulse at the output plane ξ = L of the crystal as a function of the pump
intensity I1. This is shown, as an example, in Fig.4, where the numerically-computed
behavior of 〈η〉2 at the output crystal plane versus the intensity I1 of the pump field is
depicted, together with the approximate prediction based on Eq.(28).
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4. Conclusions
In this work, a photonic analogue of the trembling motion (Zitterbewegung) of a free
relativistic Dirac particle, based on frequency conversion of short optical pulses in a
nonlinear quadratic medium, has been presented. The analogy, which stems from the
mathematical similarity between the Dirac equation of a massive particle and the cou-
pled equations describing sum frequency generation in the presence of pulse walk-off, in-
dicates that well-known and experimentally accessible nonlinear optical processes could
be exploited to simulate the Dirac equation in an optical setting. As compared to other
classical and quantum analogues of Zitterbewegung recently proposed in the literature,
based on trapped ions [8, 19], graphene [9, ?, 11, 12] or photonic crystals, superlattices
or metamaterials [16, 17, 18], our proposal may show a simpler experimental access
and could stimulate further search for nonlinear optics analogues of relativistic quan-
tum phenomena. For example, engineering of the QPM grating could be exploited to
introduce in Eq.(17) a ξ-dependence of κ, i.e. to simulate the dynamics of a relativistic
Dirac particle with a time-varying mass [31]. Likewise, if the temporal dependence of
the pump pulse is included in the analysis and assuming vg1 = vg, an η-dependence of
the mass κ is introduced in Eq.(17), which enables to mimic a relativistic Dirac particle
in a Lorentz scalar potential [2].
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